A general approach to wavelets is presented within a framework of a separable functional Hilbert space H. Basic tool is the construction of H-product kernels by use of Fourier analysis with respect to an orthonormal basis in H. Scaling function and wavelet are de ned in terms of H-product kernels. Wavelets are shown to be 'building blocks' that decorrelate the data. A pyramid scheme provides fast computation. Finally, the determination of the earth's gravitational potential from single and multipole expressions is organized as an example of wavelet approximation in Hilbert space structure.
Introduction
Wavelets are "building blocks" that enable fast decorrelation of data. In other words, three features are incorporated in this way of thinking about wavelets, namely basis property, decorrelation, and fast computation. In the rst part of the paper we discuss these aspects in a general (functional) Hilbert space setup. The de nition of scaling function and wavelet is based on the concept of product kernels in functional Hilbert spaces. By virtue of the basis property each member of the Hilbert space can be expressed in stable way as linear combination of dilated and shifted copies of a "mother function", i.e. a member of the Hilbert space with vanishing zeroth moment. The wavelet transform maps members of the Hilbert space into an associated two-parameter class of space and scale dependent elements. Wavelets show the power of decorrelation. As a consequence the representation of the data in terms of wavelets is somehow "more compact" than the original representation, that is to say, we search for an accurate approximation by only using a small fraction of the original information of an element of the Hilbert space. Typically the decorrelation is achieved by building wavelets which decay towards low and high frequencies, i.e. in information theory jargon by bandpass ltering. Finally, the main question in wavelet approximation is how to decompose a function into wavelet coe cients, and how to reconstruct e ciently the function under consideration from the wavelet coe cients. There is a pyramid algorithm that makes these steps simple and fast. The fast decorrelation power of wavelets is the key to applications such as data compression, fast data transmission, noise cancellation, signal recovering etc. The paper ends with geopotential determination by harmonic wavelets. In this case the product kernels are written as series expansions in terms of single or multipoles. As numerical example we present the wavelet decomposition and reconstruction of the gravitational potential of the earth. The calculations are based on the NASA GSFC and NIMA Joint Geopotential model EGM96 which gives a series expansion of the earth's gravitational potential in terms of multipoles (i.e. solid spherical harmonics). 
with "Fourier coe cients" F^(n) = (F; U n ) H ; n = 0; 1; 2; : : : : ( 
2)
The idea we follow in this paper is to present in the H-framework a J-level approximation of a function (signal) F 2 H by means of a wavelet analysis. Essential tools are the concept of H-product-kernels and H-convolutions which should be discussed now.
Product Kernels
Any function ? : (?^(n)) 2 < 1;
H-convolutions will be introduced in the following way.
De nition 1.2. Let F be of class H. Suppose that ? is an H-kernel of the form (3) with H-admissible symbol f?^(n)g n=0;1;::: , then the convolution of ? against F is de ned by
From (4) we immediately see that
The convolution of two H-product kernels with H-admissible symbols leads to the following result. 
constitutes an H-admissible symbol of the H-kernel ? 1 H ? 2 .
H-scaling Functions
After having explained the convolution between two H-kernels with H-admissible symbols we are now interested in developing countable families f? J g, J 2 Z, of H-product kernels ? J which may be understood as scaling functions in our H-wavelet concept.
As preparation we introduce a dilation operator acting on these families in the following way: Let ? J be a member of the family of product kernels. We are now in position to introduce scaling functions.
De nition 1.4. Let f( J )^(n)g n=0;1;::: , J 2 Z, de ne an H-admissible symbol of a family of H-kernels satisfying additionally the following properties:
From the conditions (i), (ii) and (iv) of De nition 1.4 we are able to deduce that (( J )^(n)) 2 1 for n 2 N 0 . But this shows us that 0 (1 ? (( J )^(n)) 2 ) 2 1
is valid for all n 2 N 0 . Therefore the limit and the in nite sum in (14) may be interchanged. By applying (i) and (iv) we nally arrive at the desired result.
Note that condition (iii) has not been used yet. This condition, however, is needed as assumption for de ning H-wavelets and establishing a multiresolution analysis.
According to our construction, for any F 2 H, each T J F de ned by (11) provides an approximation of F at scale J. In terms of ltering J H J may be interpreted as low-pass lter. T J is the convolution operator of this low-pass lter. Accordingly we understand the scale space V J to be the image of H under the operator T J :
(16) As an immediate consequence we obtain the following result. The de nition of the scaling functions now allows us to introduce H-wavelets. Basic tool again is the concept of H-kernels.
Similar to the de nition of the operator T J we are now led to convolution operators R j : H ! H, given by
Thus the identity
In conclusion, any F 2 H can be approximated as follows: starting with T 0 F we nd (in connection to (27))
for any J 2 Z. In other words, the partial "reconstruction" R J F is nothing else than the "di erence of two smoothings" at two consecutive scales R J F = T J +1 F ? T J F. 
Combining (33) and (26) Until now e orts have been made to establish the basis property and the ability of bandpass ltering in terms of wavelets. Next we come to the third feature of wavelet approximation, viz. fast computation, which will be realized in form of a pyramid scheme for bandlimited wavelets.
For simplicity we assume that f j ( ; )g j2Z is a family of bandlimited kernels, such that (( j )^(n)) 2 The key idea of our fast evaluation method is based on the following observations:
(1) For some suitably large J, the scale space V J is`su ciently close' to H. Consequently, for each F 2 H, there exists a function of class V J such that the error between F and (2) J H F (understood in the k k H {topology) is negligible. This is the reason why F is assumed to be of class V J for the remainder of this section. Next our considerations are divided into two parts, viz. the initial step concerning the scale level J and the pyramid step establishing the recursion relation.
The Initial Step
The exact approximation 
Since (2) J is the reproducing kernel of V J (with respect to the k k V J -topology), it follows in accordance with our assumption F 2 V J , that ( 
for i = 1; : : : ; L J .
This gives rise to the following conclusion. Proof. (2) J H F 2 V J can be represented as follows:
In spectral language, i.e. expressed in terms of the orthonormal system U n , this immediately implies
for all n = 1; : : : ; N J . But this shows us that
as desired.
The next theorem clari es the remarkable consequences for our wavelet concept. (ii) The wavelet transforms are given by (2) 
Theorem 2.3. Under the assumptions of Lemma 2.2 we have
Consequently we have for l = 1; :
Thus we are led to the following lemma.
Lemma 2.4. If (2) j H F is a member of class V j , then
holds for all S 2 V j .
By the same arguments as given in the last subsection we obtain Lemma 2.5. Let (2) 
From Theorem 2.6 we can deduce 
On the other hand, by virtue of Lemma 2.2, we have
Combining (46) and (47) we obtain ), we are led to a reduction of computational costs as follows:
The recursion relation (48) leads us to the following decomposition scheme:
The bandpass lter R j (F ) can be deduced from the formula
This allows the following reconstruction scheme of F:
We have seen that the vectors a L j do not depend on the special choice of the scaling function f j g j2N 0 . In other words, we are able to reconstruct a function with respect to di erent wavelets just by the knowledge of the vectors a L j .
Gravitational Field Determination
In this section we discuss as a georelevant example the problem of multiscale gravitational eld determination using single-and multipoles. For that purpose we understand to be the surface of the earth which is assumed to be regular (i.e.: (i) divides R 3 (for instance, x 0 can be chosen to be the origin).
(iii) solid spherical harmonics jxj n+1 Y n;k x jxj ; n = 0; 1; : : : ; k = 1; : : : ; 2n + 1; where is a radius satisfying < inf x2 jxj. fY n;k g k=1;::: ;2n+1 denotes a (maximal) linearly independent system of spherical harmonics of degree n, n = 0; 1; : : : . . Finally we give a numerical test example. In accordance with the EGM96-model, we choose to be a spherical earth's surface, i.e. is supposed to be a sphere around the origin (centre of gravity) with mean earth's radius R = 6378km. V is the earth's gravitational potential corresponding to the EGM96 model on . The multiresolution analysis 'looks at' the earth's gravitational potential through a microscope, whose resolution gets ner and ner. Thus it associates to the gravitational a sequence of smoothed versions, labelled by the scale parameter. An illustration of the gravitational potential as a multiresolution analysis at the earth's surface is shown for the levels j = 3; : : : ; 8 based on the solid spherical harmonics as orthonormal system. The computations have been performed on the basis of the CP-wavelets. 
